We introduce a new integrable supersymmetric lattice chain which violates fermion conservation and exhibits fermion-hole symmetry. The model displays exponential degeneracy in every eigenstate including the groundstate. This degeneracy is expressed in the possibility to create any number of zero modes reminiscent of Cooper pairs.
Introduction
Supersymmetric lattice models have been studied starting from the N = 1 supersymmetry in the tricritical Ising model [1] [2] [3] and the fully frustrated XY-model [4] . In the introduction of [5] the interested reader can find further references to early supersymmetric lattice models.
Our work goes back to [6] , where a certain one-dimensional fermionic lattice model was constructed based on two supercharges (generators of supersymmetry) Q and its hermitian conjugate Q
† . An alternative more general approach is to work with Q 1 = Q + Q † and Q 2 = i(Q − Q † ) which naturally admits an extension of the number of generators, N , which in this case is N = 2. Supersymmetry is based on the property that Q 2 = 0 (in the general approach Q 2 j = Q 2 k ), which has many consequences for the spectrum of the Hamiltonian which is defined as H = {Q, Q † }. In particular there are no negative energy states, and all positive energy states come in doublets with the same eigenvalue, but differing in number of fermions by one. States with zero energy, the lowest possible, can be highly degenerate, but form singlets with respect to supersymmetry. By the specific choice of Q, the model in [6] has a repulsive hardcore potential between the fermions, i.e. two neighbouring particles have to be separated by one empty site. In [7] this work has been continued by generalizing the interaction, i.e. not a single, but k-long strings of fermions have to be separated by an empty site.
We modify the supersymmetric model of [6] in a different way: we restore the particle-hole symmetry, by symmetrizing the building elements of the model, Q and Q † . In the original j } = {c i , c j } = 0.
The on site fermion-number and hole-number operators are defined as
The number operator, N i , of fermions on positions 1 to i and the total fermion number operator, N F , are defined as
These operators act in a fermionic Fock space spanned by ket vectors of the form
where the product is ordered and 0⟩ is the vacuum state defined by c i 0⟩ = 0 for i = 1, . . . , L.
The label τ = {τ 1 , . . . , τ L }, with τ i = 1 if there is a fermion at site i and τ i = 0 if there is a hole. Hence we have n i τ ⟩ = τ i τ ⟩.
We consider a one-dimensional supersymmetric lattice model analogous to [6] , but satisfying fermion-hole symmetry. For that purpose define the operators d
Domain walls
We call an interface between a string of 0's followed by a string of 1's a 01-domain wall, and a string of 1's followed by a string of 0's, a 10-domain wall. For example, the following configuration contains six domain walls (we consider periodic boundary conditions), three of each type and starting with a 01-domain wall, 000 11 000 1 0000 111
Let us consider the effect of the various terms appearing in (10) . As already discussed in an example above, the terms in H III correspond to hopping of domain walls and map between the following states . . . 
where the minus sign in the second case arises because of the fermionic nature of the model. Hopping of a domain wall always takes place in steps of two, so parity of position is conserved.
Aside from their diagonal terms, H I and H II correspond to hopping of single fermions or holes, and therefore to hopping of pairs of domain walls. They give rise to transitions between the states . . . 0 1 00 . . .⟩ ↔ . . . 00 1 0 . . .⟩, . . . 1 0 11 . . .⟩ ↔ − . . . 11 0 1 . . .⟩,
Note that in these processes the total parity of positions of interfaces is again conserved, i.e. all processes in H conserve the number of domain walls at even and odd positions separately. Finally, the diagonal term
i + e † i e i + e i e † i ) in H I and H II counts the number of 010, 000, 111 and 101 configurations. In other words it counts the number of pairs of second neighbour sites that are both empty or both occupied,
This is equivalent to counting the total number of sites minus twice the number of domain walls that do not separate a single fermion or hole, i.e. twice the number of well separated domain walls.
Since the number of odd and even domain walls is conserved, the Hilbert space naturally breaks up into sectors labelled by (m, k), where m is the total number of domain walls, and k the number of odd domain walls.
Symmetries
The most remarkable feature of the model introduced in Section 1.1 is the high degeneracy not only of the ground state, but of all the eigenvalues of the Hamiltonian. The number of different eigenvalues and the typical degeneracy both grow exponentially with the system size. Aside from some staggering with the system size modulo 4, the growth rate of the degeneracy and of the number of levels appears similar.
In this section we show that the model possesses symmetries which explain the large degeneracy of the energy levels. Fermions and holes are treated on the same footing and consequently the model is symmetric under the exchange of fermions and holes. Even though the number of fermions is not conserved, the fermion number can only change by two, so the parity of the number of fermions is conserved. The model is also invariant under the exchange of domain wall with non-domain walls. This symmetry interchanges the off-diagonal terms of H I and H II with H III . Below we will describe further symmetries, first those that we can describe by simple real-space operators.
In addition to these, the model possesses a symmetry in momentum space due to the possibility of creating and removing zero mode Cooper pairs. This symmetry leads to an extensive degeneration of the ground state and other eigenstates.
As an indication of the high degeneracy, we list for system size L up to 12, the number of groundstates G, and the number of different energy levels , see Table 1 . As the model respects particle hole symmetry, it makes sense to consider besides periodic also antiperiodic boundary conditions, defined by c j = c † L+j . We give the results for this boundary condition as well, because the two lists together give a better idea of the growth of these numbers.
While the mean degeneracy can be seen from the number of energy levels, we remark that almost all degeneracies that we see are powers of two. All this seems to indicate a high symmetry, which this paper aims to explain. 
periodic antiperiodic

Supersymmetry
Obviously, by construction the supersymmetry generators commute with the Hamiltonian,
The supercharges Q and Q † are operators that add or remove a fermion, which means that they add or remove two neighbouring domain walls, one even and one odd, respectively, i.e.
where (m, k) denotes the sector with m domain walls of which k are odd.
Domain wall number conservation and translational symmetry
Two obvious symmetries are the total number of domain walls and translational symmetry due to the periodic boundary conditions for even system sizes. The domain wall number operator D commutes with H, [H, D] = 0 and so does the translation operator T .
Particle parity symmetry
The total number of fermions is not conserved as both H III changes the fermion number. We denote the fermion parity operator by P , which acts on pure states τ 1 , . . . , τ L ⟩ as
Since Q and Q † change parity the supersymmetry generators anti-commute with P ,
from which it is simple to show that [H, P ] = 0.
Particle -hole symmetry
Introduce the operator
in terms of the Majorana fermions γ i . This operator acts on a fermionic state τ ⟩ by exchanging the holes and fermions, and it is easy to see, that this is a symmetry of the model:
In fact one can show that Γ either commutes or anti-commutes with the supersymmetry generators
Domain wall -non-domain wall symmetry
For even system sizes it is not hard to see that we can expect a domain wall (DW) -non domain wall (nonDW) symmetry. The processes described in (12) and (13) are interpreted as movement of a single DW or a bound double DW, but equivalently they can be interpreted as the movement of a bound double nonDW, and single nonDW respectively. The DW-nonDW exchange operator can be written as
which satisfies the commutation relations
The DW -nonDW symmetry interchanges the sectors
Shift symmetry
There is a further symmetry, defined by the operator S:
The operator S shifts one of the domain walls either to the left or to the right by one. It is easy to see from the definition, that S is self-adjoint, in fact, each summand is self-adjoint. By explicit computation, we can show that S anticommutes with Q and Q † ,
This defines a symmetry of the model which relates the sector (m, k) with the sectors (m, k ± 1).
Reflection symmetry of the spectrum for L = 4n
It is easy to prove, that for L = 4n, n ∈ N, the groundstate energy is Λ 0 = 0 and the highest energy level is given by Λ max = L. We have observed, that the spectrum has a reflection symmetry, i.e., if there is an energy level with energy Λ = L − ∆Λ, then there is one withΛ = ∆Λ. The degeneracy for these two mirrored levels is the same. These two energy levels are related by an operator defined in the following way. Let
Then define
The operator M is (anti)hermitian depending on the parity of n, and squares to a multiple of the identity,
The mirroring property is encoded in M in the following way,
which means that for every eigenvector there is mirrored pair,
A good example of this pairing is to take the pseudo-vacuum 000 . . . 0⟩. This state maps into a half filled true ground state, i.e. into ± 110011001 . . . 100⟩ (where the sign depends on n).
Antiperiodic boundary conditions and reflection symmetry of the spectrum for L = 4n − 2
The reflection symmetry can be extended to antiperiodic boundary conditions, and for L = 4n − 2 systems, we can relate the antiperiodic spectrum with the periodic one by the mirroring. Introduce antiperiodic boundary conditions, which we will use only in this section:
This modifies the Hamiltonian, which we will denote by H ap . The antiperiodic Hamiltonian's spectrum has the same reflection symmetry as the periodic for L = 4n. The definition of M is independent of the boundary condition, so we can write
where for clarity we emphasized the system size L = 4n. We have observed, that for L = 4n − 2, the periodic and the antiperiodic spectrum is related by the previous reflection, i.e. if there is a state of H ap with energy Λ ap , there is a corresponding state of H with energy L − Λ ap . The largest energy for H is Λ p,max = L, corresponding to the antiperiodic GS with Λ ap,GS = 0, which reflection is realized by the next operator equation:
where we stressed the periodic Hamiltonian by H p . The last relation is easy to understand intuitively: For L = 4n − 2, H p has the largest eigenvalue equal to L corresponding to e.g. the state 000 . . . 00⟩. This is mapped to 1100110...0011⟩, where the first and the last two sites are all occupied. But since the boundary conditions are antiperiodic, this GS is analoguous to the periodic GS 0011..0011⟩ for L = 4n. 
Zero mode Cooper pairs
The Hamiltonian H in (10) is diagonalisable using Bethe's ansatz. We derive the Bethe equations and present the explicit form of the Bethe vectors in Section 4. Here we present the Bethe equations to elucidate a large symmetry which is most obvious in momentum space. Note that there are two type of pseudo-particles, namely domain walls and odd domain walls. To diagonalise (10) we therefore employ a nested Bethe ansatz. Each domain wall is associated with a Bethe-root z j , where log z j is proportional to the momentum of the domain wall, and each odd domain wall is associated with an additional, nested Bethe-root u l . In Section 4 we show that in the sector (m, k), and for even system sizes L, the eigenvalue of H is given by
where the set of z 1 , z 2 , . . . , z m and u 1 , . . . , u k satisfies the equations,
where the ± is the same for all j. A solution to the Bethe equations gives rise to an eigenvector, however this correspondence is not unique. Two solutions z 1 , . . . , z m , u 1 , . . . , u k and z
give rise to the same eigenvector if there are permutations π ∈ S m , σ ∈ S k and signs 1 , . . . , m , j ∈ {+, −} such that
. In other words, the solutions are invariant under permutations of the Bethe-roots, and invariant under the sign of z's.
Note, that the eigenvalue Λ is only dependent on the z j 's. In the absence of odd domain walls, i.e. k = 0, the equations become free-fermion and are solved by
where I j is a (half-)integer. This same solution (37) can be used to find a solution in the sector with k = 2 for any solutions u 1 and u 2 of (36), that are each others negatives, i.e. u 2 = −u 1 . In this case the product in (35) is
for any z j , so that (35) with k = 0, i.e. (37), is unchanged. We can continue like this as long as m is large enough to generate new solutions from (38), and add (Cooper) pairs (u l , −u l ) without changing the eigenvalue. A similar construction is also possible if we started in a non-free-fermion sector with k ≠ 0. In sectors where the total number of domain walls m is proportional to the system size L this give rise to an extensive degeneration of energy levels, as we explain in detail in the next section. Some typical solutions to the Bethe equations are shown in Fig. 1, 2, 3 .
We have not been able to find an explicit operator that creates a Cooper pair when acting on a state that admits this. If such an operator can be constructed, it must either select one of the solution pairs (u, −u) of (38), or more likely create a linear combination of all such solution pairs. Since the pairs do not affect the energy, such linear combination is an eigenstate of the Hamiltonian, but not a pure Bethe state.
Consequences of symmetry
We find that not all the eigenvectors of H are directly described by the Bethe ansatz. However, in all the finite size cases that we looked at, all the eigenvectors were found by applying the symmetry operations on known Bethe vectors.
The translation symmetry T maps (m, k) into (m, m − k), eigenvector into eigenvectors. Also, E, the DW-nonDW symmetry maps
The process of the construction of all the eigenvectors from the Bethe vectors is complicated, and we did not find the general structure. Here and in Appendix A we report on certain cases that we studied.
L = 6, full spectrum
For L = 6, the problem is easily solvable by direct diagonalisation of the Hamiltonian. According to this, there are four energy levels, all four are 16-folded degenerate ( Table 2 : L = 6 sector energy levels and degeneracies.
In the Bethe ansatz we discriminate even and odd domain walls with an additional nested Bethe root u l because the interaction between walls depends on the parity of the distance between domain walls. But because it only depends on the distance between domain walls, it makes no difference if we change the parity of all domains walls. In other words, associating a nested Bethe root to the odd DWs is an artifical choice. We therefore identify the sector (m, k) = (2, 0) with two even domain walls with that of two odd domains walls (m, k) = (2, 2). Hence for L = 6 there are 6 different sectors which are listed in Table 3 . m k dim. 0 0 2 2 0,2 6,6 2 1 18 4 2 18 4 1,3 6,6 6 3 2 Table 3 : L = 6 sectors. Certain sectors have the same dimensions and are listed in the same line.
Because of the DW-nonDW symmetry, it is enough to probe the lower half of the sectors, i.e. those with m = 0 and m = 2. Below we find all eigenvectors corresponding to the dimensions of the eigenspaces given in Table 3 .
Λ = 6
The (m, k) = (0, 0) sector contains two trivial Bethe vectors: b 1 = 000000⟩ and b 2 = 111111⟩, both are eigenvectors with Λ = 6. These vectors are mapped to the (6,3) sector by the DWnonDW exchange E, to the (2,1) sector by Q and to the (4,2) sector by the combined action of E and Q, giving rise to eight vectors:
The other eight eigenvectors of this eigenvalue come about in the following way. In the (2,1) sector the Bethe equations are
Due to Pauli exclusion principle, only distinct pairs (z
2 ) of solutions of (40) and (41) give rise to different eigenvectors. In the (2,1) sector there are two independent non-free fermion solutions (u ≠ 0 and u ≠ ∞) with Λ = 6, namely
If we denote the corresponding two Bethe vectors by b 3 and b 4 then in the (2,1) sector we have the four vectors {b 3 , b 4 , Q † Eb 3 = EQb 3 , Q † Eb 4 = EQb 4 } and in the (4,2) sector we find {Qb 3 , Qb 4 , Eb 3 , Eb 4 }. In summary we have recovered the full sixteen-dimensional Λ = 6 eigenspace.
Other eigenvalues
Based on direct diagonalisation, the (m, k) = (2, 0) and (m, k) = (2, 2) sectors each contain two eigenvectors associated to each of the lower three eigenvalues. These are reproduced by the Bethe roots in the (m, k) = (2, 0) sector, as these satisfy the equation
There are precisely two times three distinct pairs (z
2 ) of allowed solutions for the + and − solution respectively, giving each of the lower three eigenvalues twice, and this is doubled using the combined action of E and Q. Similarly for (m, k) = (2, 2) and by symmetries also in the sectors (m, k) = (4, 1) and (m, k) = (4, 3). Hence we obtain eight vectors each for the first three eigenvalues. This leaves 24 = 3 × 8 vectors still to be determined, and they all must come from the remaining twelve dimensions of the (m, k) = (2, 1) (four of the eighteen available vectors in this sector contribute to Λ = 6), as well as the twelve remaining dimensions of the (m, k) = (4, 2) sector.
In the (m, k) = (2, 1) sector we may distinguish two types of solutions, the free fermionic (FF) and the non free fermionic (nonFF). The latter we found correspond to Λ = 6, and the FF solutions are those with u = 0 and u = ∞. For u = 0, we obtain the following BEs,
while with u = ∞, we find
which are the same as for the (m, k) = (2, 0) sector. By the same reasoning as for (42), these two sets each produce six solutions, i.e. twelve in total, and by DW-nonDW symmetry we obtain all of the remaining 24 solutions. We have thus found the complete spectrum for L = 6 from the Bethe equations and the symmetries.
L = 10, Λ = 6 degeneracy
As an other example, we probed the mostly degenerate case in L = 10, the Λ = 6 eigenvalue, which is 64-fold degenerate. Because of the DW-nonDW symmetry it is enough to look at the sectors (m, k) with m < L 2 = 5. The Hamiltonian is easily diagonalisable in these sectors giving rise the degeneracies shown in Table 4 .
The four states in (2, 0) are pure Bethe-states and we denote the four-dimensional span of these by B (2, 0) . The four states in (2, 2) are the copies of these states under the translation symmetry T which shifts all the sites by one. . Since Q is a symmetry which maps from (m, k) to (m + 2, k + 1), by applying Q we create four states each in the QB (2,0) subspace of (4, 1), the subspace QB (2,1) of (4, 2), and QT B (2,0) of (4, 3). These all turn out to be linearly independent. S is a symmetry operator which moves one of the the domain walls by one unit, so it maps a state in the sector (m, k) into (m, k − 1) and (m, k + 1), possibly creating a zero vector. By applying S on QB (2,0) we can create two linearly independent (and two linearly dependent) vectors in (4, 2), and by applying S on QT B (2,0) we create the missing two linearly independent vectors (and again two linearly dependent). Applying Q † on these four new vectors created by S, we found the missing four linearly independent vectors in (2, 1). We thus found thirty two states and using the DW-nonDW symmetry we find all sixty-four. This process is depicted in Fig. 4 .
It would be very interesting to find the full underlying symmetry algebra, i.e. the general algorithm to create all the eigenvectors for given system size and given energy. This may be challenging as it seems not obvious which symmetries create nonzero and linearly independent vectors.
The groundstate for L = 4n
In the half-filled sector (2n, 0) with L = 4n where 2n is the total number of domain walls, the Bethe equations z
satisfied by the free fermion solutions
These solutions produce a groundstate as for each of them the eigenvalue
These solutions span the sector (2n, 0), which is also spanned by the two vectors 0011 . . . 0011⟩ and 1100 . . . 1100⟩, hence giving these groundstates in terms of Bethe states. Based on these solutions, we can construct further eigenstates in the sectors (2n, k). In the presence of k odd DWs, we have
After substituting the free fermion solution (46) into the right hand side of (48), the resulting equation for u has purely imaginary roots that form complex conjugate pairs. The key observation is, that the Bethe equations of the (2n, 2k) sector can be satisfied with the free fermionic solution (46, if we choose the solutions for u l in (purely imaginary) complex conjugate pairs, as for such a pair we have that u * = −u so that for each j
Hence the Bethe equations (35) remain of the free fermion form (45) for such solutions. This mechanism of zero energy Cooper pairs results in an overall degeneracy for the sector m = 2n growing exponentially in L. The computation for a lower bound of the growth is in Appendix A.
The first excited state for L = 4n
Based on direct diagonalisation of the Hamiltonian for L = 4, 8, 12, we observe that the first excited states occurs in the sectors m = 2n ± 2 with k arbitrary, and m = 2n with k ≠ 0, 2n. Since the (2n − 2, 0) sector is purely free fermionic, the Bethe equations are trivial and we can easily determine the first excited state energy for any L = 4n. This computation is based on the assumption, that the identified free fermion state is indeed the first excited state for any system size. In case it does not hold, the results are an upper bound for the first excited state energy. The Bethe equations for the L = 4n, (2n − 2, 0) sector reads,
These are the same equations as (45), so the independent solution are (46). The only difference compared to the groundstate is, that for the groundstate, we had to select all independent Bethe roots, while now we should leave out two,
To minimise the energy, we have to minimize ∑ i z
i , which is the same as leaving out the two Bethe roots contributing the most. The two largest contributing Bethe roots are z
for the + case of (50), and z
2n−1 = e −iπ 4n for the − case. The two associated energy levels are
As it is easy to see that Λ (−) < Λ (+) gives the lower energy, hence the first excited state energy.
This result correctly reproduces the L = 4, 8, 12 first excited states energies. The construction above creates the first excited state in the (2n − 2, 0) sector, but this highly degenerate energy level occurs in many other sectors. The groundstate energy Λ 0 = 0 and therefore the energy gap is given by
As we can see, the gap vanishes as ∼ 1 L 2 , which is a sign of a classical diffusive mode. It is worth mentioning that it is a conjecture that for large n the energy Λ (−) n is the first excited level, strictly speaking it is an upper bound.
Bethe ansatz
In this section we give a detailed derivation of the eigenvalues and eigenvectors using the coordinate Bethe ansatz. We have not been able to identify our model with one of the known solvable lattice models that exist in the literature.
As the space of fermions naturally breaks up into sectors labelled by numbers of domain walls, we now introduce a new labelling of the states instead of the fermionic Fock space notation τ ⟩. Let 1 ≤ x 1 < x 2 < . . . , x m ≤ L denote the positions of m domain walls, then (13), involving pairs of domain walls, cannot take place as x i+1 ≥ x i + 2, and the action of the Hamiltonian on a ket state with two domain walls is given by diffusion with hardcore exclusion. For clarity and definiteness we give the explicit action of H on the sector with two even domain walls. First we introduce the shift operators S
Then for x 2 > x 1 + 2:
Now consider the case where the first domain wall is odd. Again, if the walls are well separated, i.e. x 2 > x 1 + 1, the action of H is that of diffusion:
The equations are the same if the second wall were on an odd position rather than the first. When two walls are close we no longer have hardcore exclusion, but there is a non-trivial interaction between the walls:
where in the last two terms the second domain wall has become odd. In this section we diagonalise the Hamiltonian H given by (10) using Bethe's ansatz. We will assume that L is even and impose periodic boundary conditions. Since the total number of domain walls, m, is conserved, as well as the number of odd domain walls, k, the Bethe ansatz can be constructed separately within each (m, k)-sector. We therefore write general wave functions in the form
and derive the conditions for the coefficients ψ such that Ψ(m; k)⟩ is an eigenfunction of H,
We start with the simplest sectors, namely those with two domain walls.
Two domain walls (m = 2)
No odd wall (k = 0)
Assuming x 1 and x 2 are even, from (57) we find that two walls far apart satisfy
while from (58) it follows ψ satisfies the condition
These two equations can be satisfied if we make the ansatz
where z 1 and z 2 are some auxiliary complex numbers to be determined shortly. Using this ansatz we find that the eigenvalue Λ and amplitudes A satisfy the conditions
Imposing the periodic boundary condition on an even lattice of size L gives
which results in
We thus find that (c 0 c 1 )
Taking the square root we have two different set of solutions:
The Pauli exclusion principle implies z 1 ≠ ±z 2 . Two different solutions (z 1 , z 2 ) and (z 
One odd wall
We consider now the case that the first wall is at an odd position. Two walls far apart do not interact and satisfy the same equation as if both were on even positions, from (59):
When the walls are distance one apart, the eigenvalue equation changes due to the process described in (60). We find in this case that
And so, setting x 2 = x 1 + 1 in (72), it follows that the wave function has to satisfy 2ψ (x, x + 1; 1) + (−1) ψ (x + 2, x + 1; 1) − ψ (x, x − 1; 1)
Likewise, considering the case were the second wall is odd, the condition on the wave function results in
To solve equations (72), (74) and (75) we make the following ansatz
where, with a view to later generalizations, we take
and
With this ansatz, the scattering conditions (74) and (75) become the following equations for the functions f and g,
It can be easily checked that these equation are solved by the functions
where u is an additional complex number to be fixed by the boundary conditions. The periodic boundary condition needs to be implemented carefully as it introduces minus signs,
and since N F is odd in this case, these conditions result in
Combining = 0 and = 1 and using (77) we find that
Finally we obtain from the two cases in (84) that
with consistency condition
Note that solutions with u = 0 give a free fermion spectrum.
Arbitrary number of walls 4.2.1 No odd wall
As long as all the walls are far apart (x j+1 − x j > 2 ∀j), the wavefunction amplitude satisfies
If two walls are distance 2 apart, x i+1 = x i + 2, then ψ (. . . , x i , x i+1 − 2) and ψ (x i + 2, x i+1 , . . .) are missing from the sum.
Taking the x i+1 = x i + 2 limit in (90), we get
These equations are solved by the ansatz
which is the generalization of the case with two even walls. The solution is also a generalization of that case, namely we find, that
Imposing the periodic boundary condition
results in one of the next equations
One odd wall
Let p denote the index of the odd wall, and thus x p denotes its position. In analogy with (74) and (75) we have the following equations for the wave function components in the case
There are additional equations when three walls are close together. In the case where x p+2 = x p+1 + 1 = x p + 2 with x p even, the eigenvalue equation leads to the condition
In the case where x p+2 = x p+1 + 1 = x p + 3 with x p even, the eigenvalue equation leads to the condition
and similar for the case x p+2 = x p+1 + 2 = x p + 3 with x p even. These equations are automatically satisfied by the solution from Section 4.1.2. Define therefore the one-domain wall nested wave function by
Then the 2n-domain wall ansatz for the wave function with one odd wall is
corresponding to the eigenvalue given by
with wavefunction amplitudes
Periodic boundary conditions lead to
Since the parity of N F is equal to the parity of the number of odd domain walls, we find the following conditions:
Using (−1)
, we obtain again
and the following consistency conditions
Recalling the eigenvalue (102), we note that for all sectors with 2n domain walls one of which odd, there exist solutions with u = 0 giving the free fermion part of the spectrum.
Two odd walls
The condition equivalent to (98) when three walls are close together, but now with two at odd positions so that p 2 = p 1 + 2 = p + 2, leads to
The analogue of (99) is similar. We find that these are satisfied by the following ansatz for the wave function for 2n-domain wall of which two are at odd positions:
Here
Implementing periodic boundary conditions gives rise to
These give rise to c 0 c 1 = ±i L 2+2 and the final set of Bethe equations is given by
Arbitrary number of odd walls
For the general case we find that the Hamiltonian can be diagonalised by the ansatz
where we recall that the wave function for one odd domain wall is given by
We find that the eigenvalues of the Hamiltonian are given by
where the numbers z i satisfy the following equations
Conclusion
We have introduced a new lattice supersymmetric chain in which fermion number conservation is violated. The model turns out to be integrable and we give a detailed derivation of the equations governing the spectrum using coordinate Bethe ansatz. The energy spectrum is highly degenerate, all states with a finite density have an extensive degeneracy. This degeneracy is explained by the identification of several symmetry operators, but most significantly by the possibility at each level to create modes that do not cost any energy. These modes are analoguous to Cooper pairs in BCS theory, and our model contains a direct realisation of these which can be explicitly identified in the Bethe equations.
The class of finite solutions to the Bethe ansatz does not provide all eigenvectors. We give circumstancial evidence that all eigenvectors are obtained by the application of the symmetry operators on Bethe vectors. We furthermore find that the energy gap to the first excited state scales as 1 L 2 where L is the system size which is a signature of classical diffusion.
A Groundstate degeneracy for L = 4n
In this appendix we discuss the degeneracy of L = 4n systems in great depth. Our aim is to give a lower bound of O(2 n ) on the groundstage degeneracy. These observations are based on counting the zero mode solutions built on the groundstate in sector (2n, 0), described in Section 3.3. A solution in sector (2n, k) satisfies the next equations: 
The possible values of u l 's are fixed by (123) which is a rational function in variable u after plugging in the z's of the groundstate solution. Whether the solution of (122) has to satisfy z -even k, all the u l 's form complex conjugate pairs -odd k, u 1 = ∞, the rest of the u l 's form c.c. pairs
-even k, u 1 = 0, u 2 = ∞, and the rest of the u l 's are c.c. pairs -odd k, u 1 = 0 and the other u l 's are c.c. pairs
We have to take into account, that the self consistency condition (124) has different number of solutions depending on z j 's. If z L j = −i −L 2 , it has 2n solutions for even n's, and 2n − 1 for odd ones. Out of these solutions, 2n − 2 are nonzero c.c. pairs, one is the u = ∞ solution, and for even number of solutions, u = 0 is also a solution.
The self consistency condition induced by z L j = +i −L 2 has 2n − 1 solutions for even n's, and 2n for odd ones. Out of these solutions, 2n − 2 are nonzero c.c. pairs, one is the u = ∞ solution, and for odd number of solutions, u = 0 is also a solution. We have to count the number of u solutions in c.c. pairs, as the degeneracy is from the possible choices among them, while we use u = 0 and u = ∞ to "tune" (122) to ±1. In order to construct new groundstate solutions in the (2n, k) sectors, we have to find self consistent solutions: we have to find a set of u l 's, which give the expected +1 or −1 for (122), and compute the degeneracy case by case. We have to distinguish eight cases: even or odd n, even or odd k, +1 or −1 equation and discuss these case by case:
• n even, k even, • n odd, k odd, −1 equation: To get the −1 equation with odd number of u's, we should have u 1 = 0, but in this sector u = 0 is not a solution. Consequently, there is no consistent solution.
• n even, k even, The degeneracy is n−1 k 2 .
• n odd, k odd, +1 equation: To satisfy the +1 equation, u 1 = ∞ and the rest form c.c. pairs.
The degeneracy is n−1 (k−1) 2 . Based on this, we can count the states in a certain sector. Instead of counting the explicit results, we would like to point out that summing over k results in a degeneracy proportional to 2 n . The exact number is not so interesting because this is only a partial degeneracy, with other symmetries, we can construct more states, however the exact number seems to be complicated to find.
